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An Incremental Block-Line-Gauss-Seidel Method
for the Navier-Stokes Equations
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and
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A block-line-Gauss-Seidel (LGS) method is developed for solving the incompressible and compressible Navier-
Stokes equations in two dimensions. The method requires only one block-tridiagonal solution process per itera-
tion and is consequently faster per step than the linearized block-alternating-direction-implicit (ADI) methods.
Results are presented for both incompressible and compressible separated flows: in all cases the proposed block-
LGS method is more efficient than the block-ADI methods. Furthermore, for high-Reynolds-number weakly
separated incompressible flow in a channel, which proved to be an impossible task for a block-ADI method,
solutions have been obtained very efficiently using the new scheme.

Introduction

T HIS paper provides a simple and efficient numerical
technique for solving incompressible and compressible

two-dimensional viscous flow problems, including separation
effects, particularly at moderate-to-high Reynolds numbers.
It is well known that for high-Reynolds-number viscous
flows, the CFL stability condition of explicit schemes results
in a severe time-step limitation, so that they are computed
more conveniently using implicit methods. However, fully
implicit schemes require the extremely costly, if even feas-
ible, inversion of a different large, sparse matrix at every
iteration. Therefore, in the last decade, the most successful
and widely used methods for solving compressible viscous
flows have been the so-called "linearized block-alternating-
direction-implicit" (block-ADI) methods of Beam and Warm-
ing1 and Briley and McDonald.2'3 The time-dependent,
compressible Navier-Stokes equations are discretized and
linearized in time using the Taylor series expansion and solved
numerically by means of an ADI method of the Douglas-Gunn4

type, which requires the solution of block-tridiagonal systems
only.

The same idea has also been applied with some success to
the vorticity-stream function incompressible Navier-Stokes
equations5"7: the stream function is parabolized in time using a
relaxation-like time derivative8 and solved coupled with the
vorticity transport equation using a linearized block-ADI
method. Among the many desirable features of block-ADI
methods, it is noteworthy that the incremental (delta) ap-
proach of Ref. 1 allows straightforward use of different
discretizations such as first-order-accurate upwind differences
in the implicit operator and second-order-accurate central dif-
ferences in the right-hand side (RHS).7 Artificial viscosity is
thus introduced into the (false) transient to enhance the
method's stability and convergence rate, but a second-order-
accurate, steady-state solution is recovered at convergence.
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However, schemes of the ADI type have two major limita-
tions: their convergence rate deteriorates very rapidly for
values of the time step different from the optimal one,9 and
also as the Reynolds number increases.

The aim of this investigation is to show that both limitations
can be overcome by a numerical technique that is just as sim-
ple as the aforementioned ADI methods.1"6

It has been shown in Refs. 10 and 11 that, in connection
with upwind discretizations of the Euler equations, classical
point and line Gauss-Seidel relaxation methods converge
much faster than approximate factorization methods of the
ADI type for both two- and three-dimensional subsonic and
transonic flows. The apparent reason for the improvement is
the use of two-point upwind differences for the advective
terms in the implicit operator leading to the solution of an
algebraic system characterized by a diagonally dominant coef-
ficient matrix suitable for solution by means of relaxation
methods. The same situation arises when dealing with the
Navier-Stokes equations, therefore, it is reasonable to an-
ticipate that a LGS method using the delta approach1 and up-
wind differences for the advective terms in the implicit
operator will outperform ADI methods also for the case of
viscous flows. In particular, for the case of high-Reynolds-
nuniber weakly separated flows of practical interest (when the
so-called thin-layer equations are valid), the problem is only
weakly elliptic in the streamwise direction due to upstream
pressure influence in the separation region. Therefore, a LGS
method that accounts for the influence across the boundary
layer as well as for the downstream influence, implicitly, and

i/J = 1, u) = 0

III = (My)

Fig. 1 /te=10, computational grid and boundary conditions.
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Re = 10
Re = 100
Re > 1000

Fig. 2 Wall vorticity distribution for various values of the
Reynolds number.

iterates in time to account for the weak upstream influence, is
likely to be more efficient than the block-ADI methods.

Such a numerical technique is provided herein for both the
vorticity-stream function equations and the compressible
Navier-Stokes equations in conservation form. Numerical
results are presented for rather difficult high-Reynolds-
number separated flows which demonstrate the superior effi-
ciency and robustness of the proposed method with respect to
the block-ADI methods.

Incompressible Flow
Numerical Technique

The parabolized, nondimensional, vorticity-stream function
equations in a general curvilinear coordinate system are given

) - « = 0

(1)

(2)

In Eqs. (1) and (2), Re is the Reynolds number, co and \[/ in-
dicate the vorticity and stream function, respectively, t the
time, £ and r? the general body-oriented curvilinear coor-
dinates,12 and J, a, ft, 7, a, and r are the Jacobian and scale
factors of the coordinate transformation (x,.y-*£,T?), whose
expressions are given in Ref. 12.

Equations (1) and (2) are discretized in time by a two-level
implicit Euler scheme and linearized using the delta (A) ap-
proach,1 by neglecting terms of order A2, to give
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(4)

where At is the time step and Aco = co" + 1 -co", where the
superscripts n + 1 and n indicate the new and old time levels
tn + l=tn + At and tn, etc. Notice that the mixed-type
derivatives are evaluated at the old time level tn\ i.e., ex-
plicitly and therefore do not appear in delta form. However,

this is of no consequence when using an orthogonal coor-
dinate system (0 = 0), as in this study.

Equations (3) and (4) are discretized in space using two-
point, first-order-accurate upwind differences for the first
derivatives of the incremental variables in Eq. (3) and
second-order-accurate central differences for all of the other
terms to provide, together with appropriate boundary condi-
tions, a large linear system of the type

Af=b (5)

where 4 is a large 2x2 block-pentadiagonal matrix, b is a
known vector, and / is the unknown vector whose elements
are the two-element vectors (Ao>, A^) r evaluated at every
grid-point location.

In Ref. 7, the system given by Eq. (5) was factorized and
solved approximately by a two-sweep block-ADI method.
Here, the uppermost diagonal of matrix A (corresponding to
the downstream point in the standard five-point computa-
tional stencil) is dropped; Eq. (5) is thus solved approximately
as a series of 2x2 block-tridiagonal systems, bringing the
lowest diagonal entries to the right-hand side. The solution is
then updated to read

jn,0/l)r- (wn ,^) r+ (Aco,Ai//)2 (6)

and the process is repeated until convergence is obtained. It is
noteworthy that, for flows having a strong elliptic character
(e.g., the driven cavity flow13), a different ordering for matrix
A is used at every other time step, so as to implicitly account
for all of the points of the computational stencil except the
lowest one.

Regarding the boundary conditions, the double specifica-
tion for the stream function at the body surface can be im-
plemented straightforwardly using the point-image technique
of Burggraf.13 The steady-state form of the stream function
equation is used at the boundary grid point to eliminate the
additional unknown (i.e., the stream function at the point im-
age) and to evaluate the vorticity at the boundary directly
from the solution of the 2 x 2 block-tridiagonal system.6'7 On
the first and last lines of the computational grid, after impos-
ing the Dirichlet condition for Ai/', Aco is evaluated explicitly
using the Neumann condition for \[/ and again the steady-state
stream function equation to eliminate the unknown point-
image value of A i//.

Results
In order to test the proposed methodology, two very dif-

ferent problems have been considered for which the block-
ADI method of Ref. 7 has been found to be very satisfactory
at moderate values of the Reynolds number but has en-
countered severe difficulties at higher Re.

The first problem is the weakly separated channel flow pro-
posed by Roache.14 The geometry of the channel, together
with the appropriate boundary conditions and the coordinates
employed in Ref. 7, are given in Fig. 1 for Re= 10. Roache has
shown that, if the length of the channel is increased propor-
tionally to Re, for Re>l, the solution takes on a quasi-self-
similar form (see Fig. 2). As such, the present problem is very
suitable to assess the capability of a given numerical method to
compute weakly separated flows at high Reynolds numbers.
For Re= 10 and 100, the block-ADI method was found to be
extremely efficient7; however, for Re> 100 its convergence
rate deteriorated rapidly, and for Re> 104 a converged solu-
tion could not be obtained at any cost. The present method,
employing the same coordinate transformation and spatial
discretization as used in Ref. 7, has been applied to compute
solutions for Re=lQ, 102,..., 1015. Convergence to machine
accuracy (residual < 10~6) has been obtained on a 21 x 21 grid
in less than 60 iterations (time cycles), which amounts to less
than 1 min of CPU time on a Hewlett-Packard 9000/9040A
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minicomputer, by using a value of the time step initially equal
to Re and increasing it with the inverse of the residual during
the solution process. For the case Re= 1015 the final time step
was as high as 1021, verifying the unconditional stability of the
method. Such an unconditional stability is probably due to the
viscous nature of the flow. In fact, the present algorithm is not
unconditionally stable for the case of a linear scalar advection
equation (see the Appendix), but can be easily modified to
achieve unconditional stability. This channel problem ob-
viously has a weaker and weaker elliptic nature with increasing
Re, so that it comes as no surprise that the present LGS
method, marching from upstream to downstream, is almost as
efficient as a fully implicit method using the same linearization
procedure.

A rather difficult problem that has a strong elliptic nature,
namely, the driven cavity flow at /?e>103, has also been
considered to test the performance of the proposed method
vs the corresponding ADI technique.5"7 The analytical
stretching used in Ref. 6 has been employed to transform a
suitable nonuniform grid in the physical x,y plane into a
uniform grid in the computational £,77 plane, according to
the following transformation:

= 0.5 + 0.5tanh U tanh(l.S) (7)

Solutions have been obtained for Re=\03 using 21x21,
31x31, and 41x41 equally spaced grid points in the £,17
plane and evaluating all of the scale factors of the coordinate
transformation numerically to second-order accuracy
everywhere. The two coarsest mesh solutions obviously coin-
cide with those obtained by using the ADI method7 but re-
quired less than one-fifth of the iterations and, therefore,
less than one-tenth of the computer time to converge to
machine accuracy using a nonoptimized unitary time step;
the finest grid solution, which was too costly to obtain in
Ref. 7, required only about 600 iterations corresponding to
30 min of CPU time on the aforementioned minicomputer.
The stream function contours are given in Fig. 3 and are
found to be very similar to the accurate contours due to
Ghia et al.15

It is noteworthy to mention that the use of the delta for-
mulation1 allows the use of different discretizations in the
right-hand sides of Eqs. (3) and (4), which control the ac-
curacy of the solution, without modifying the left-hand side
(LHS); i.e., the structure of matrix A. In particular for the
case of uniform grids, it has been shown in Ref. 16 that a
considerable improvement in accuracy is obtained by writing

the advection terms in Eq. (1) in conservation form; i.e., as

[(*,«)*-(^eo),]// (8)

Solutions have thus been obtained by approximating the
advection terms in the RHS of Eq. (3) according to a second-
order-accurate central difference discretization of Eq. (8).
The computed maximum grid-point value for the stream
function I\MM and the value of the vorticity at the center of
the moving wall o>c are given in Table 1 together with the
standard method results and the very accurate solution of
Ghia et al.15 A marked accuracy improvement is obtained.
Furthermore, it is noteworthy that using such a discretization
was found to improve the convergence rate of the numerical
technique by about 10%.

A third-order-accurate approximation for the Neumann
boundary condition at the wall has also been implemented so
as to evaluate the vorticity at the wall to second-order ac-
curacy.15 To this purpose, the boundary condition treatment
described in Ref. 15 has been generalized to the present case
of a nonuniform grid. The results are also given in Table 1,
where they appear markedly more accurate than those ob-

Fig. 3 Stream function contours, 1^1, for /?e=1000 test case

Table 1 Driven cavity results

Mesh Standard Conservative
Second-order

boundary condition

Computed values of I \MM for Re= 103; exact value = 0.1179
21x21 0.0913 0.1085 0.1126
31x31 0.1055 0.1144 0.1160
41x41 0.1110 0.1164 0.1172

Computed values of coc for Re= 103; exact value = 14.890
21x21
31x31
41x41

17.29
15.92
15.47

13.26
14.13
14.41

15.035
14.969
14.896

Comparison of exact and computed results (41x41 grid, second order boundary condi-
tions) for the Re = 3200 test case

Computed
0.1184
25.92

Exact
0.1204
25.39
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tained using the less accurate boundary condition, especially
for the coarsest 21 x21 mesh.

In order to better assess the adequacy of the present
41x41 mesh solutions, the u and v velocity profiles along
the vertical and horizontal midplanes of the cavity have been
plotted in Fig. 4 for both the standard and conservative ap-
proximations of the advection terms. Both solutions are
reasonably close to each other and the conservative solution
is seen to practically coincide with that of Ref. 15.

The Re = 3200 flow case was finally considered as a very
severe test for the present method. A solution was obtained
using a 41x41 mesh, with the conservative form of the
advection terms and the second-order-accurate boundary
conditions; however, the time step in the vorticity equation
has to be reduced to 0.2 in order to avoid divergence and
about 3000 iterations were necessary for the solution to con-
verge to machine accuracy. The results for \\I/\M and o>c are
again given in Table 1 where they are seen to compare very
favorably with those of Ref. 15, especially considering that a
relatively coarse mesh has been employed to resolve a very
complicated flowfield.

Compressible Flow
Numerical Technique

The two-dimensional, compressible Navier-Stokes equa-
tions in conservation form are given in generalized coordinates
as

dq
— —

dt
8E 3F

——drj
8V dS

-T- (9)

where q= [p, pu, pv, e] T/J and E, F, V, and S are the flux
vectors associated with the inviscid and viscous terms. Ap-
plication of the implicit Euler time integration scheme, time
linearization, spatial discretization, and the delta form1 results
in

Re Re
(10)

where the subscripted V and A are the first-order-accurate
backward and forward difference operators for the first
derivative, 6 the second-order-accurate central difference
operator for the first derivative, and 8 the standard second-
order difference operator for the viscous terms.

The RHS of Eq. (10) has been discretized using central dif-
ferences, whereas the "upwinding" of the implicit convective
terms in the LHS is based on van Leer's continuously differen-
tiate flux vector splitting procedure for the Euler equations.17

In order to compute flows with shocks, the classic fourth-
order dissipation has been added to the RHS in the form

(11)

The Van Leer flux vector splitting was chosen for the LHS
of Eq. (10) because it has the advantages of simplicity,
smoothness through sonic points, and yields a well-
conditioned linear system amenable to the LGS relaxation
process. This last property should be stressed since it results
in an algorithm that converges for arbitrarily large Courant
numbers as opposed to the spatially split central difference
schemes which fail to converge for sufficiently large time
steps. Furthermore, for convection-dominated problems, the
ADI schemes have a small range of time steps for which
rapid convergence is obtained,9 and which varies from prob-

———— Standard advection
———— Conservative advection

o n Ghia et al., Ref. 17

1.0
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Fig. 4 Velocity components along the vertical and horizontal
midplanes.
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Fig. 5 Convergence history comparison for shock/boundary-layer
interaction problem.

lem to problem thus detracting from the versatility of the
method. This difficulty is overcome with the present method
in which the same time-stepping strategy is effective for all
problems considered to date.

The Jacobian matrices associated with the linearization of
the convective fluxes in a generalized coordinate system are
formed using the approach of Anderson et al.,18 which will
be briefly reviewed here for completeness.

Let T be a rotation matrix given by

T=-

0 0 0

where

0

0

0

grad£, and let

P

pu

pv

0 0 lv?l

(12)

E=TE =

pu

pu2+p

puv

_(e+p)u

(13)
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Fig. 6 Pressure distribution at the wall.

Here, u= (£xu + £ y v ) / 1 v£ l and v=(-£yu + Zxv)
represent the velocities normal_and tangential to the lines of
constant £. The rotated flux E is now of the same form as
the flux in a Cartesian system and, therefore, can be split ac-
cording to the original van Leer decomposition.17 Thus, the
generalized split fluxes are

(14)

and similarly for F± .
The Jacobian matrices can finally be formed

straightforward chain-rule differentiation; e.g.,
by

A+ =
dE+ d(T~lE+) dq =T- (15)

Linearization of the viscous terms is performed in the usual
manner19 and will not be repeated here.

The solution strategy of the linear system is the same as
that employed for the ^,o> equations; the main difference
being the block size. After each iteration, the solution is up-
dated by qn + l =qn + Aq and the entire procedure is repeated
until convergence.

A different value of the time step is employed at every
iteration level, namely

A / _
(16)\\R\\ 2

where \\R\\2 is the L2 norm of the RHS of Eq. (10) normal-
ized by the initial residual and A£0 is the initial time step. AtQ
is chosen such that the maximum Courant number at the
outset of the calculation is between 10 and 20, allowing the
initial solution to adjust itself to the enforcement of the
steady-state boundary conditions without incurring severe
oscillations. When freestream conditions are chosen as the
initial guess, as done here, the residual usually drops very
rapidly so that a quite large Courant number is obtained
after only a few iterations.

Results
Several test problems have been computed that are

described in detail elsewhere in the literature. The first and
simplest is the well-known shock/boundary-layer interaction
problem in which a shock wave of prescribed strength in-
teracts with a laminar boundary layer developing on a flat
plate. The details of the problem, the boundary condition
treatment, and the mesh are identical to those described in
Refs. 1 and 19.

Results were obtained using the proposed method and two
different marching strategies, for which the convergence
histories are displayed in Fig. 5. The curve labeled "single
sweep" was obtained by passing through the mesh in a left-
to-right fashion using vertical LGS at every iteration. The
curve labeled "alternate sweep" was obtained, instead, by

Static
pressure,

P
pinlet

1.2

1.0
.8
.6

0 Experiment
—SIP, ADI

D LGS

- 4 - 2 0 2 4 6 8
Streamwise location, x/h

Fig. 7 Experimental and predicted pressure distribution along the
top wall of the diffuser.

0 Experiment
—SIP, ADI
D LGS

.4
- 4 - 2 0 2 4 6 8

Streamwise location, x/h
Fig. 8 Experimental and predicted pressure distribution along with
bottom wall of the diffuser.

using a right-to-left pass through the mesh at every other
iteration. Since adverse waves are present in the boundary
layer, one might have expected the single-sweep procedure to
give rise to an instability (see the Appendix). Evidently, the
presence of viscous effects is sufficient to stabilize the single-
sweep method. In fact, no underrelaxation was necessary in
either computation, although the maximum Courant number
was as high as 80,000. The converged results are given in
Fig. 6 as the pressure distribution ahead of and on the plate
for both the LGS method (solid line) and the Beam and
Warming algorithm (symbols). As is obvious, all methods
converge to the same steady-state solution, independent of
the time step.

A second case of turbulent flow in the terminal shock
region of an inlet/diffuser was considered as a severe test for
the present method. This problem has been studied exten-
sively, both experimentally20 and numerically.19'21"23 The
flow is transonic and only quasisteady, insofar as nondecay-
ing, small, self-induced oscillations associated with the ter-
minal shock are present; the mean shock location and
strength are, however, well defined. The inflow Mach
number is 0.46 and the Reynolds number based on the noz-
zle length is 5.865X 106. The algebraic eddy-viscosity model
of Baldwin and Lomax24 and the same grid and boundary
conditions described in Refs. 19 and 20 were employed.

The computed pressure distributions along the top and
bottom walls using the Strongly Implicit Procedure (SIP),20

the Beam and Warming algorithm, and the present LGS
method are presented in Figs. 7 and 8, together with the ex-
perimental data. Alternate sweep marching and underrelaxa-
tion were required to obtain a rapid convergence to the
quasisteady state due to the presence of strong adverse
waves. However, fewer iterations (<300) were required by
the present LGS method than by either ADI or SIP, both of
which required greater than 500 iterations.19 In terms of
total CPU time, the LGS method required only 53% of the
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time required by ADI, whereas SIP required 12% more than
the ADI method.

Conclusions
A new method has been developed for solving two-

dimensional viscous flows, using the incremental form of the
governing equations, a deferred correction upwind strategy,
and classical line Gauss-Seidel relaxation. The proposed
method has all of the favorable features of the linearized
block-ADI methods and, in addition, is more robust insofar
as its convergence rate is much less sensitive to the value of
the time step. Several results for both incompressible and
compressible flows are presented which illustrate the validity
of the proposed methodology.

Appendix: Stability Analysis
This appendix is presented to provide insight into the tem-

poral growth/decay properties of the algorithm, especially
for the case in which the marching direction is in opposition
to the direction of information propagation. This is meant to
model, in a rudimentary fashion, the more complicated
problem of a system of equations in which there may be
both positive and negative traveling characteristics (e.g., sub-
sonic flows). In such a case, the LGS method must always
march adverse to at least one of the characteristics. This
analysis is not meant to imply that one should march against
the flow direction for problems in which all of the
characteristics are of the same sign.

Consider the linear scalar advection equation

(Al)

Writing the difference equation in delta form, using a first-
order upwind discretization for the left-hand side, a central
difference for the right-hand side, and Euler implicit time in-
tegration, yields

and though

where
aAt

——

=-A(s + -s~)qn/2

and

(A2)

The case (3 = 1 corresponds to Gauss-Seidel with left-to-right
sweeping (i.e., moving along the characteristic direction) and
the /3 = 0 case is Gauss-Seidel with right-to-left sweeping
(moving adverse to the characteristic direction).

Fourier analysis of Eq. (A2) yields

W ) - ] (G-1) = -\(eid-e-ie)/2 (A3)

-/3cos0) + iX(/3-l)sin0
or

for

(A4)

0=1, I G I < 1

0 = 0, I G I > 1

From the above it can be seen that there are (A,0) combina-
tions such that

1010=0 I G I 0 = 1 > 1 (A5)

implying that the scheme given by Eq. (A2) is not uncondi-
tionally stable even when alternating sweep directions are
used. However, if 0 = 0 is replaced by 0 = — </>s+ on the right-
to-left-sweep, then Fourier analysis gives

- = 1 - / ——————— sin0L i + X ( i + ( /> ) J

= _ + > 1 forall\>0

it is easily shown that

<1 foral lX>0

l+X(l-cos0)
if

which is satisfied providing

<1

(A7)

(A8)

(A9)

(A6)

Thus, the scheme given by Eq. (A3) and applied to Eq. (Al) is
unconditionally stable if both alternating sweep direction and
underrelaxation (with 0> 1) are used.
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